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Equivalent Angle-of-Attack Method
for Estimating Nonlinear Aerodynamics of Missile Fins

M.J. Hemsch* and J.N. Nielsenj
Nielsen Engineering & Research, Inc., Mountain View, California

A method has been developed for estimating the nonlinear aerodynamic characteristics of missile wing and
control surfaces. The method is based on the assumption that if a fin on a body has the same normal-force
coefficient as a wing alone composed of two of the same fins joined together at their root chords, then the other
force and moment coefficients of the fin and the wing alone are the same, including the nonlinearities. The
method can be used for deflected fins at arbitrary bank angles and at high angles of attack. In this paper a full
derivation of the method is given, its accuracy is demonstrated, and its use in extending missile data bases is
shown.

(CAT.)'
kw
Kw

Nomenclature
= body radius
= aspect ratio of wing alone
= length of root chord
= normal-force coefficient
= normal-force coefficient of fin / in the
presence of a circular body

= normal-force coefficient of the wing alone,
which is composed of two fins joined at their
root chords

= slope at zero angle of attack of the normal-
force coefficient curve of the wing alone

= fin deflection factor, see Eq. (1)
= Beskin up wash factor, see Eq. (1)
= sideslip factor, see Eq. (7)
= freestream Mach number
= semispan of wing alone
= semispan of fin as measured from the body
axis

= component of average velocity acting normal
to fin /

= component of average velocity acting parallel
to root chord of fin /

= freestream velocity
= axial location of center of pressure for a fin in
the presence of a body

= axial location of center of pressure for wing
alone

= spanwise location of center of pressure of fin
in the presence of a body measured from body
axis

= spanwise location of center of pressure of
wing alone

= angle between body axis and wind velocity
vector

= equivalent angle of attack of fin /, i.e., angle
of attack of wing alone which gives same
normal-force coefficient as that of fin /

= equivalent angle of attack of fin i if all fins are
undeflected

= deflection of fin /, positive when the leading
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edge is rotated toward the leeward side of the
body

= increment in equivalent angle of attack of fin /
due to deflection of finy

= average angle of attack induced on fin / by
vortices

= fin deflection factor, see Eqs. (11) and (12)
= bank angle of wing-body combination, see

Fig. 3
= roll angle of fin /, see Fig. 3

Introduction

COMPREHENSIVE predictions of the aerodynamic
characteristics of tactical missiles require estimations of

the component forces and moments. Until recently,
estimating fin (or wing) forces and moments in the presence of
a body and other fins with sufficient accuracy to predict
lateral and control characteristics up to high angles of attack
was rarely attempted for configurations without a previously
developed data base. Now, with the advent of systematic data
bases1"4 and the continued development of vortex tracking
methods,5'8 the task is considerably easier. However, some
means are still necessary for properly accounting for effects
not in the data base, e.g., different span-to-body diameter
ratios and different vortical flowfields. The methods we have
developed for this purpose depend upon the equivalent angle-
of-attack (cxeq) concept which was introduced in Ref. 5 and
expanded in Ref. 6. The purpose of this paper is to develop
the aeg idea in detail and demonstrate its usefulness.

In the following sections, we introduce the aeq concept for
the small-angle approximation and extend it to the nonlinear
range. We show how to extend the concept to very high angles
of attack, and we give several examples of how the concept
can be used to extend available data bases.

Introduction to the aeq Concept
The equivalent angle-of-attack (cteq) method is based on

the assumption that if a fin on a body has the same normal-
force coefficient (based on planform area) as a wing alone
composed of two of the same fins joined together at their root
chords, then the other force and moment coefficients of the
fin and the wing alone are the same, including the
nonlinearities. The method can be easily incorporated into
existing missile aerodynamics computer programs and is
suitable for hand calculation.

The genesis of the present approach is found in the small-
angle "modified" slender-body theory of Ref. 9. Using those
results, we can show that the normal-force coefficient acting
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on the equally deflected horizontal fins of a missile in the
"plus" attitude is given by

J (1)
where CNp is the normal-force coefficient acting on the
fins in the presence of the body, Kw the Beskin upwash
factor, kw a factor which accounts for the nonperfect
reflection plane at the fin root, (Aa)y an average angle of
attack induced on the fins by vortices, and (CN )w

 tne sl°Pe

at zero angle of attack of the normal-force coefficient curve
of the wing alone. The quantity (Aa) v is found by estimating
vortex positions and strengths and determining the average
angle of attack induced by them and their images inside the
body on the fins.

Equation (1) is limited to small angles. It can, however, be
extended to higher angles by defining the equivalent angle of
attack, aeq, such that

and rewriting Eq. (1) as

C

(2)

(3)

The success of Eq. (3) is demonstrated in Figs. 1 and 2 for two
different fin planforms at a subsonic and a supersonic
speed.10 Equation (3) clearly correlates the data for different
fin deflections. Wing-alone data11 are also shown for com-
parison with the A^ =0.8 results.
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Fig. 1 Correlation of normal-force coefficient with equivalent angle
of attack for moderate aspect ratio fin.

Although Eq. (2) allows us to account for different span-to-
body diameter ratios and vortical flowfields through the Kw,
kwy and (AcOy factors, it is inadequate for missiles that are
not in the "plus" attitude and for very high angles of attack.
In the next section, a more general formula is derived.

Mathematical Development
We want the general derivation to include the effects of

angle of attack, bank angle, fin deflection, body radius-to-
semispan ratio, and vortical flowfield; that is, we want to find
an a ' for fin / such that

(4)

For small angles of attack, zero bank angle ("plus" attitude),
and undeflected vertical fins, Eq. (4) reduces to Eq. (1).
However, for large angles of attack, a nonlinear definition of
aeq is required. Since there is no unique way to derive a
nonlinear formula from the linear result, we are free to choose
our approach provided that it is valid in certain limiting cases
and reduces to the linear result in the limit of small angles.
Our method is based on the use of average velocity com-
ponents seen by the fin of interest. Those velocity components
are put together to give aeq.

Consider a cruciform wing-body combination in the "plus"
attitude with the x axis rearward along the body axis, the y
axis lateral along the right horizontal fin (fin 4), and the z axis
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Fig. 2 Correlation of normal-force coefficient with equivalent angle
of attack for low aspect ratio fin.
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Table 1 Slender body fin deflection factors (fin 4)
for zero angle of attack13

\

a/sm

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

A,;

-0.275
-0.230
-0.188
-0.149
-0.112
-0.078
-0.050
-0.027
-0.012
-0.003

0

A<2

0.079
0.073
0.066
0.057
0.046
0.034
0.023
0.013
0.006
0.001

0

A*

0.275
0.230
0.188
0.149
0.112
0.078
0.050
0.027
0.012
0.003

0

A*

0.921
0.890
0.878
0.879
0.889
0.905
0.925
0.946
0.966
0.984
1.000

Fig. 3 Nomenclature for derivation of aeq formulas. Fin deflection
is positive leading edge toward leeward side of the body.

vertical (leeward) along the upper fin (fin 1). Let the com-
bination first be pitched in a plane containing the freestream
velocity and the x axis by an angle otc. Let it then be rolled
right wing down (windward) by angle <t>B. In a plane normal
to the body axis, we now have the picture shown in Fig. 3.

We determine first the flowfield seen by the fins with no fin
deflection and then consider the effects of rotating (de-
flecting) the fins in that flowfield. Referring to Fig. 3, we see
that the components of the freestream velocity along x, y, and
zare F^cosc^, — F^sina^sinc^, and F^sino^cos^, respec-
tively 4 The component of freestream velocity normal to the
plane of fin 4, Vn4, is F^sino^cos^. Thus, the angle of
attack induced on fin 4 if it sees the freestream only is

(5)

Equation (5) does not yet represent the actual angle of attack
induced on fin 4 with no fins deflected because effects of the
body, sideslip, and vortices have not been incorporated. We
now consider these one at a time.

The presence of the body affects the flow in the cross-flow
plane (wing-body interference). We account for this effect by
multiplying Vn4 by the Beskin upwash factor Kw, that is,

I =KW\freestream + body w sinoiccos<t>4 (6)

For favorable interference, Kw>\. With increasing otc and
MO,,, Kw tends to decrease and become less than one.13 We
will assume that Kw is independent of 0 as predicted by
slender-body theory.

Any fin for which <£ is not zero is sideslipping. Spreiter and
Sacks14 investigated this effect and found that the increment
due to sideslip in the fin normal force was proportional to the
product of a and 0 for the fin, i.e., o ^ s i n c o s c . We use the
same idea here to account for changes in Vn due to sideslip,
that is,

sideslip /R ./R ~ " ' SH\

The introduction of the 4/JR. coefficient makes the slender-
body value of K^ independent of aspect ratio.

To account for the effects of body vortices and vortices
generated by upstream fins, we need a method to account for
the equivalent angle of attack (Aa) v. induced on fin / by the
vortical flowfield. By definition, we have

V

p

n
TT) =tan(Aa)
V /vortic 4 (8)

JNote that we are using the sine definition of the angle of attack (see
page 5 of Ref. 12).

If we assume that the vortices are rectilinear and parallel to
the body axis, (V p 4 )vortices is equal to the component of the
freestream velocity which is parallel to the fin chord,
VwcosaC9 and we can write

vortices
(9)

Using relations (6),(7), and (9) and noting that Vp4 is
F^cosac, we can define an equivalent angle of attack, 6teq4,
which includes body, sideslip, and vortex effects but no fin
deflections, that is,

n4 ' freestream + body "*" n4 'sideslip "*" * n4 'vortices

P4

4 + tan(Aa)
- 4

(10)

Note that the sideslip and vortex terms in Eq. (10) cannot
increase aeg4 beyond 90 deg.

To account for the change in equivalent angle of attack due
to fin deflection, we define a new quantity Ay7 such that the
effect on the angle of attack of fin / of the deflection of finy is
given by

(11)

where Ay; is given in Table 1 for slender-body theory for zero
angle of attack. The final expression for the equivalent angle
of attack of fin 4, which includes fin deflection, is§

(12)

On physical grounds we must use an angle addition theorem
for fin deflection rather than a tangent addition theorem to
allow for the possibility of cteQ4 exceeding 90 deg. In the
definition of Ay/ as incorporated in Eqs. (11) and (12), we have
assumed implicitly that any vortex effects on fin / are not
changed by deflecting the fins.

We can generalize Eqs. (10) and (12) by defining <t>4 to be
the bank angle of fin / measured positive to windward from
they0 axis. The generalized equations for fin / are

4
*j

+ tan(Acx)y (13)

§The zero angle-of-attack assumption built into Table 1 results in
no effect of sideslip on (Aa )y/ if those factors are used. However, in
general, Ay7 is a function of <p.
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and
(14)

Extension of Data Bases Using the aeg Concept
Extension of Zero Bank Data

It has already been demonstrated in a previous section that
a wing-alone data base can be used to estimate the normal-
force coefficients of the horizontal fins on a circular body,

including effects of fin deflection. In this subsection we show
how normal-force data for horizontal fins, together with the
corresponding wing-alone curve, can be extended to any bank
angle. For this discussion we will not include the effects of
vortices or fin deflection.

For this case Eq. (3) reduces to

tano: = Kwtanac1 , + — —4- sinacsin</>/cos0/ ) (15)JR. KW /

(16)

\
) (17)
/

Fig. 4 Illustration of use of Eq. (17).

But for </>, = 0, we have

tand^

Substituting Eq. (16) into Eq. (15) gives

I / 4 K.
tana = tana (cos^, + — -f-

J0/ = 0 \ /K. A u/

To use Eq. (16), one obtains CNp(B) for 0f- = 0 and the angle of
attack of interest. Then &eq l^.= 0 is found from Eq. (3) and
Eq. (17) is used to solve for aeq. . Then Eq. (3) is used again to
find CNp(B} for 0, 5*0. The procedure is illustrated in Fig. 4.

An example of the accuracy of the method is given in Fig. 5
for aspect ratio 1 clipped delta fins with exposed semispan
equal to the body radius. The Mach number is 2. The data
came from the body-tail data base of Ref . 1 with the vortex
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Fig. 5. Comparison of experiment with aeq theory for extending low aspect ratio fin-on-body data base for </> = 0 to include effects of roll.

(0 ac = 30°
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effects removed.13 Slender-body theory values of Kw and K^
were used. The agreement is excellent except for the leeward
bank angles at the higher angles of attack. We believe that the
disagreement there is due to inaccuracies in the model used to
extract the body vortex effects.

Additional examples of results for higher aspect ratio
clipped delta fins are shown in Figs. 6 and 7. For these two
cases, the K^/KW ratios were chosen to give the best results
for <t>j= ±45 deg. Again the agreement is good. The fin of
Fig. 7 is the same as that of Fig. 1. The data for Figs. 6 and 7
come from Refs. 15 and 10, respectively.

Spahr15 and Hart16 give comparisons similar to those
shown above. Both used the linear version of Eq. (10) (small
OLC limit). While Hart used Eq. (1) to get normal force, thereby
sticking to the small-angle limit of the theory, Spahr used Eq.
(3) together with the nonlinear wing-alone normal-force
curve.

Note that we have not shown high angle-of-attack com-
parisons for subsonic Mach numbers. For this speed regime,
stall effects are not handled particularly well by the method.
This is probably because sideslip has a pronounced effect on
stall characteristics.

If vortex effects cannot be neglected, Eq. (16) becomes

(18)

Elfl Data Q£
AR = 2 "" 2 25«) ref. 15X = 0 A 25 J

a/sm = 0.27 — «eq theory
M = 1.97

-90 -70 -50 -30 -10 10 30 bO 70 90

Fig. 6 Comparison of experiment with oteg theory for moderate
aspect ratio fins.

Hence, Eq. (17) becomes

tanaeg. — [tanaeg. — tan(Aa) v. ] 0 /==0

[
j -rr -•

cos</>, -I- — —— sinacsin^cosc/), -htan(Aof) v, (19)

The values of (Aa) y. must be estimated.

Correlation and Extension of Center-of-Pressure Data
The equivalent angle-of-attack concept also indicates that

we can write equations for the fin center-of-pressure locations
which are similar to Eq. (3) for the normal-force coefficient;
that is,

(20)

(21)

Equations (20) and (21) taken together with Eq. (3) suggest
that it should be possible to correlate center-of-pressure data
as a function of fin normal-force coefficient; that is,

(22)

(23)y=y(CN)
This result is a consequence of the aeq concept.

An extensive demonstration of the axial center-of-pressure
correlation for clipped delta fins is given in Ref. 17. A
sampling of those results for a rectangular fin are given in Fig.
8 for subsonic and supersonic speeds. The fin-on-body
results1 for a given body angle of attack, ac, are connected by
a solid line. The wing-alone data are taken from Ref. 18.

.38

.34

.30

.26

.22

.18

.ia
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Fig. 7 Comparison of experiment with aeg theory for high aspect
ratio fins of Fig. 1.

Fig. 8 Correlation of axial center-of-pressure positions for rec-
tangular wing alone and fin-on-body at 6 = 0 deg; ̂  = 1.0.
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The lateral center-of-pressure correlation was demonstrated
in Ref. 13, samples of which are shown in Fig. 9. Note the
expanded scale.

Extrapolation of Fin-on-Body Data Base
There are usually two situations that require extrapolation

outside a fin-on-body data base (with roll), even if the fins
have similar planforms: 1) the vortical flowfield seen by the
fins is different from that encountered during the data base
tests, and 2) the body radius-to-fin semispan ratio is different
from that used in the tests.

Consider the first situation with a/sm unchanged. Then
writing Eq. (13) for two different cases and subtracting the
results gives

(24)

If a method for estimating (Aa)y is available, Eq. (24)
together with Eqs. (14) and (3) give the change in normal-
force coefficient due to the change in vortical flowfields.

Now consider the second situation with a/sm and (Aa)y
both changed. Again we write Eq. (13) for two different cases
and subtract to get

4
AL 4*2 ^i

As in the first situation, the change in vortical effects must be
estimated, but now we must also estimate the changes in the
K^andK^ effects.

It was shown in Ref. 13 that the Beskin upwash factor Kw
can differ considerably from the slender-body theory values.
Hence, the approach taken in that study was to use the data
base as much as possible. Since Kw is nearly linear in a/sm for

slender-body theory, it was assumed that

K W=A — +B (26)

Since Kw=\ for no body present (a/sm=Q), we find that
B=i. The coefficient A can be found by evaluating Kw for
the a/sm of the data base using Eq. (18). A little algebra then
gives

(a/sm)2-(a/sm)1 (27)

Because of the tanacsinac part of the K^ term of Eq. (25),
the sideslip term is usually considered to be second order
especially for small values of ac. However, for the low-to-
moderate aspect ratios of typical missile fins, the term is not
insignificant, especially for moderate-to-high values of ac.
For slender-body theory, K^ is not linear with a/sm, so the
approach used for the Kw term will not work for the sideslip
term. However, for moderate aspect ratios, it seems
reasonable to simply use the slender-body theory values of K^
for attached flow.12

For low aspect ratio fins, vortex shedding from the fin
edges is a significant effect. Furthermore, studies of the
shedding process show that the shedding is a strong function
of the bank angle of the fin.19 Until additional work is done to
evaluate this effect, the best approach seems to be to evaluate
K ^ j , using Eq. (15) (once KWl has been found) at, say, </>, = 45
deg. Slender-body theory (SBT) could then be used to estimate
K(f>2 . In mathematical terms, we would have

If any of the fins are deflected, then Eq. (14) must also be
used. Writing Eq. (14) for the two different cases and sub-
tracting the results gives

0.2 0.4 0.6 0.8 1,0 1.2 1,4 1,6
Fin normal-force coeff ic ient

(a) M^ 2.0

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Fin normal-force coef f i c ien t

(b) M = 3.0
Fig. 9 Correlation of spanwise center-of-pressure positions for delta
wings alone and fin-on-body at 5 = 0 deg; ^R= 1.0.

(29)

Very little systematic data are available yet with which to
determine the best approach for handling the term in
parentheses in Eq. (29). However, since the slender-body
theory values of AyV are nearly linear in a/sm, the approach
used for the Kw term seems reasonable here.

Concluding Remarks
The equivalent angle-of-attack concept appears to be a very

useful tool for use with both wing-alone and fin-on-body data
bases. However, it is not limited to simple extrapolation from
one configuration to another not-too-different configuration.
Armed with accurate vortical flowfield models, one can even
extrapolate body-tail data to configurations with two or more
sets of fins.
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engineering community today, not only at the detailed physical and chemical level, but also at the system engineering and
design level, for spacecraft intended for entry into the atmosphere of the earth and those of other planets. The twenty-two
papers in this volume represent some of the most important recent advances in this field, contributed by highly qualified
research scientists and engineers with intimate knowlege of current problems.

544pp., 6x9, illus., $30.00Mem., $45.00List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N. Y. 10019


